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Constructing Infinite One-regular Graphs
ALEKSANDER MALNICˇ, DRAGAN MARUSˇICˇ† AND NORBERT SEIFTER
A graph is said to be one-regular if its automorphism group acts regularly on the set of its arcs. A
construction of an infinite family of infinite one-regular graphs of valency 4 is given. These graphs
are Cayley graphs of almost abelian groups and hence of polynomial growth.
c© 1999 Academic Press
1. INTRODUCTION
For graph and group-theoretic concepts not defined here we refer the reader to [19, 21]. Let
X be a graph and let AutX denote its automorphism group. A subgroup G ≤ AutX is called
one-regular if it acts regularly on the set of arcs of X . A graph is said to be one-regular if its
automorphism group is one-regular.
One-regular finite graphs have received considerable attention [2, 4, 12]. Here we deal with
infinite ones. Starting with an infinite family of finite one-regular graphs of valency 4, we
construct, for each member of this family, an infinite one-regular graph of valency 4. We
base our construction on suitable regular coverings over certain one-regular Cayley graphs of
the alternating groups A2k+1, k ≥ 4 (see [11]). The automorphism groups of the base graphs
have a lift, and hence the coverings obtained in this way are at least 1-transitive. The difficulty,
however, lies in excluding the existence of automorphisms which are not lifted automorphisms
of the base graphs. Our particular construction gives rise to Cayley graphs of almost abelian
groups which represent an important subclass of graphs with polynomial growth. (Note that a
group is almost abelian if it has an abelian normal subgroup of finite index.)
Graphs of polynomial growth are characterized by the requirement that the number of ver-
tices at distance n from any vertex u ∈ V (X) is bounded by c1nd ≤ |N (u, n)| ≤ c2nd ,
where d is a positive integer and c1, c2 are positive real constants which do not depend on
the vertex u. Such graphs have been studied extensively (see [10, 14, 17, 18]). In particular, it
transpires that symmetry properties of these graphs bear some resemblance to those of finite
ones. For example, as shown in [14], graphs with polynomial growth are at most 7-transitive,
which is the same as in the finite case [20]. Also surprising is the fact that transitive graphs of
polynomial growth are regular coverings over finite graphs [8].
2. BALANCED WALKS AND HOMOLOGICAL COVERINGS
In this section we prove some results on closed walks in finite graphs which will be imper-
ative to the goal of this paper. If W is a walk in a graph X then X (W ) denotes the underlying
graph of W .
Let D(X) be an auxiliary directed graph of X and for an arc e of D(X), let e+ = e, and let
e− be the reverse of e.
By nW (e) we denote the number of times the arc e appears in W . We say that an edge e
of X is balanced in W if nW (e+) = nW (e−).
PROPOSITION 2.1. Let W be a nontrivial finite closed walk such that each cycle of X (W )
contains at least one edge balanced in W . Then every edge of X (W ) is balanced in W .
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PROOF. Since the walk W is closed and covers X (W ) it follows that the number of in-
comings of W to any vertex v of X (W ) equals the number of outgoings from v. Therefore∑
e∼v nW (e+) =
∑
e∼v nW (e−), where e ∼ v denotes edges of X (W ) at v. Suppose there
is a nonbalanced edge e1 = v1v2. By the above equality we have another nonbalanced edge
e2 = v2v3 etc. Consequently, there exists a cycle with all of its edges nonbalanced, a contra-
diction. 2
A finite closed walk W in a graph X is balanced if each edge of X (W ) is balanced in W .
(The empty walk is balanced by definition.) If each edge of X (W ) is traversed exactly once in
each direction, we call such a walk 1-balanced. Clearly, every finite connected graph X can be
traversed by a 1-balanced closed walk. However, this walk may not be reduced with respect
to elimination of subwalks of the form e+e−; its reduction may even be the trivial walk. The
question of whether X can be traversed by a closed walk which is 1-balanced and reduced is
more subtle. Of course we require that the graph does not have pendant edges. It transpires
that this is then equivalent to asking whether X has a one-face embedding into an orientable
closed surface. Therefore, a restatement of a theorem of Xuong [22] gives the following. Let
X be a finite connected graph without pendant edges. Then there exists a reduced 1-balanced
closed walk W with X (W ) = X if and only if there exists a spanning tree T ⊆ X such that
all components of X − E(T ) have an even number of edges. Also, there is a polynomial-time
algorithm to decide whether such a walk exists or not [5].
It is also clear that if a balanced closed walk (1-balanced closed walk) is not reduced, then
its reduction is again balanced (1-balanced). We shall need some information about nontrivial,
reduced and balanced closed walks which are minimal in length. The length of the walk W is
denoted by |W |. A 2-arc in X is said to be (minimally) admissible in X if it can be extended
to a reduced closed walk W of minimal length with X (W ) = X ; that is, the 2-arc prescribes
the initial and the terminal edge of W . The middle vertex of such a 2-arc is called the central
vertex. Two distinct reduced balanced closed walks having the same origin and having the
same underlying graph are said to be essentially distinct if they are not inverse to each other.
The graph consisting of two cycles C and D glued together along a path P is denoted by
(C, D)P and it is said to be of numerical type (|C |, |D|)|P|. The graph consisting of two
vertex-disjoint cycles C and D joined by a nontrivial path P is denoted by (C, D)P and it is
said to be of numerical type (|C |, |D|)|P|. The following can be verified by close inspection,
and is left to the reader.
PROPOSITION 2.2. A minimal and reduced balanced traversal of (C, D)P is 1-balanced
and has length 2(|C | + |D| − |P|), while such a traversal of (C, D)P has length 2(|C | +
|D| + 2|P|) and is not 1-balanced. Further, the number of admissible 2-arcs (up to inverse)
with a fixed chosen central vertex v, the number of minimal reduced balanced traversals to
which each of these 2-arcs extends, and the number of essentially distinct such traversals with
a fixed origin v are as given in Table 1.
PROPOSITION 2.3. Let W be a finite, nontrivial, reduced and balanced closed walk in a
graph X. Then there exists a nontrivial, reduced and balanced closed walk U in X (W ) (not
necessarily a subwalk of W ) of length |U | ≤ |W |, such that X (U ) is either of type (C, D)P
or of type (C, D)P , and U is the minimal reduced balanced traversal of X (U ). In particular,
if W is minimal in length then X (W ) itself is either of type (C, D)P or of type (C, D)P .
PROOF. A connected finite graph with less than two cycles can be traversed by a balanced
closed walk only if the walk is reducible to the empty walk, because the fundamental group
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TABLE 1.
v 2-arcs extd. trav.
deg(v) = 4 4 1 4
(C, D)P , |P| = 0
deg(v) = 2 1 2 2
deg(v) = 3 3 1 3
(C, D)P , |P| > 0
deg(v) = 2 1 2 2
deg(v) = 3 2 2 4
(C, D)P v ∈ intP 1 4 4
v 6∈ P 1 2 2
of such a graph is infinite cyclic. Hence there are at least two cycles in X (W ), and X (W ) con-
tains a subgraph either of type (C, D)P or of type (C, D)P . Any minimal reduced balanced
traversal U of either of these subgraphs has length at most |W |. This is clear for the first type
since U is in fact 1-balanced. As for the second type, choose a configuration (C, D)P such
that |P| ≤ |Q|, where |Q| is the number of edges in X (W ) which do not belong to (C, D)P .
(Note that this can always be done.) Then 2(|C |+|D|+2|P|) ≤ 2(|C |+|D|+|P|+|Q|). Since
W is at least 1-balanced we also have 2(|C | + |D| + |P| + |Q|) ≤ |W |, that is |U | ≤ |W |. 2
The above propositions can be applied to homological coverings of graphs. Let X be a finite
graph. A connected covering p : X˜ → X is a homological covering if the monodromy group
of the covering is isomorphic to the first homology group of X , that is to the free abelian
group Zr where r = |E(X)| − |V (X)| + 1. These coverings are necessarily regular cove-
rings. It follows from general theory that all homological coverings can be obtained via the
following ordinary voltage graph construction [9]. Take an arbitrary spanning tree in X and let
its edges carry zero voltage. For voltages on the nontree edges, take an arbitrary distribution
of the standard basis of the group Zr . Fibres over the vertices are labelled by the voltage
group (the monodromy group), while fibres over the edges are matchings induced by the right
translation of the voltage group on itself. Note that the group of covering transformations is
represented by the corresponding left translation of the voltage group. Hereafter, Cov(X) will
denote any of the homological coverings constructed in this way. Since the above covering
is regular, a closed walk in X lifts to a closed walk in Cov(X) if and only if the voltage of
the walk is zero. The next proposition gives a characterization of zero-voltage closed walks in
graph-theoretical terms.
PROPOSITION 2.4. A closed walk in X has zero voltage if and only if it is balanced.
PROOF. Suppose a closed walk W is balanced. Then each encountered voltage appears with
the same multiplicity as its inverse. Since the voltage group is abelian, the voltages cancel out.
Conversely, let W have zero voltage. Then each generator of the voltage group must appear
the same number of times as its inverse. Hence every generator edge encountered by W must
be balanced in W . Consider an arbitrary cycle in X (W ). Since the tree edges are the only
edges with zero voltage, this cycle must contain a generator edge. Hence each cycle in X (W )
must contain a balanced edge and so W is balanced by Proposition 2.1. 2
In particular, we shall be concerned with zero-voltage closed walks of X which give rise
to cycles in Cov(X). It is clear that a zero-voltage closed walk W lifts to a collection of
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disjoint cycles if and only if no closed subwalk of W has zero voltage. In particular, W must
be reduced. This fact together with Propositions 2.4 and 2.3 implies the following result.
LEMMA 2.5. Let W = p(C), where C is a cycle in Cov(X). Then W is a nontrivial,
reduced and balanced closed walk, and no subwalk of W has this property. In particular, let
Cn be a girth-cycle of Cov(X). Then the underlying graph of W = p(Cn) consists either of
two cycles identified along a common path, possibly trivial, or of two disjoint cycles joined by
a path.
3. THE CONSTRUCTION
We are going to construct an infinite family of infinite one-regular graphs of valency 4 by
taking homological coverings Cov(Xn) over suitable finite one-regular graphs Xn of valency
4. The graphs Xn will be chosen from the following family. Let k ≥ 4 be a positive integer and
let n = 2k + 1. Let a = (0, 1, 2, . . . , n − 1) and b = at , where t = (0, 1). Then G = 〈a, b〉
is the alternating group An . Let Xn = Cay(G, {a, b, a−1, b−1}) be the corresponding Cayley
graph. It is shown in [11] that each Xn is indeed a one-regular graph with the automorphism
group AutXn = Sn × Z2. The following is the main result of this paper.
THEOREM 3.1. Let r denote the rank of Xn (which is n!/2 + 1). With the above notation,
any homological covering Cov(Xn) is an infinite Cayley graph for an extension of the group
of covering transformations Zr by An , and is one-regular of valency 4. The vertex stabilizer
is isomorphic to Z2 × Z2 and the group Aut Cov(Xn) is a lift of AutXn , that is an extension
of Zr by Sn × Z2.
Before giving the proof of Theorem 3.1 some additional prerequisites are needed. A se-
quence in G is a reduced word on symbols a, b, a−1 and b−1 such that no proper subword is a
relation in G. We say that two sequences of equal length are equivalent if one can be obtained
from the other by a finite series of transformations of the following four types:
(i) cyclic rotation,
(ii) taking the sequence in the reverse order with all items inverted,
(iii) interchanging a with b and a−1 with b−1, or
(iv) interchanging a with a−1 and b with b−1.
Note that the corresponding equivalence relation on sequences of a given length distinguishes
between relations and nonrelations. Namely, it is clear that relations and nonrelations are
preserved by transformations of the first two types; this holds for the transformations of the
third and fourth type as well—since they correspond respectively to conjugation by t and by
s = (1, 0)(2, n − 1)(3, n − 2) . . . (see [11, Lemma 2.4]).
Next we define the following auxiliary graph which gives a ‘picture’ of the generators a and
b. We give a general definition. Let (G, V ) be a permutation group, and let M be a generating
set for G. There are two graphs naturally associated with (G, V ) and M , namely the Cayley
graph Cay(G,M) and the generator graph Gen(G, V,M). The generator graph has vertex-
set V and directed edges of the form (u, g(u)), g ∈ M . (We remark that the generator graph
is actually isomorphic to a Schreier coset graph.) Note that Cay(G,M) and Gen(G, V,M)
are both covering graphs over the bouquet with loops labelled by the generators as voltages;
the first arises if the labelled bouquet is interpreted as an ordinary voltage graph, while the
second one arises if the bouquet is taken to be the permutation voltage graph. Observe that
if G is transitive on V , then Cay(G,M) is a regular covering over Gen(G, V,M), with the
group of covering transformations being isomorphic to the stabilizer of G in its action on
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FIGURE 1. The graph Yn = Gen(An, {0, 1, . . . , n − 1}, {a, b, a−1, b−1}).
V . Note further that a sequence in G is a group-relation if and only it represents a closed
walk at every vertex of Gen(G, V,M). In this sense the generator graph is a useful geometric
tool for testing whether a given sequence is a relation or not. In our particular case we have
Yn = Gen(An, {0, 1, . . . , n − 1}, {a, b, a−1, b−1}) which is shown in Figure 1. Lemma 3.2
below summarizes some results proved in [11] about sequences which are relations and con-
sequently, about cycles of Xn .
LEMMA 3.2 ([11, LEMMA 2.4, COROLLARY 2.5, LEMMA 2.6]). With a, b and Xn hav-
ing the meaning described above, the following statements hold.
(a) Let S = a1b2 . . . b2c be a relation of length l with 2 ≤ l ≤ n and 1 > 0. Then either
S = (ab)k or ∑2ci=1 i = 0.(b) The only cycles in Xn of odd length less than or equal to n arise from relations equiva-
lent to an , and are therefore of length n.
(c) The only 6-cycles in Xn arise from the relation (ab−1)3 and its equivalents.
LEMMA 3.3. An 8-cycle in Xn arises from the relation a2b−2a2b−2 = 1 or one of its
equivalents.
PROOF. Let C be an 8-cycle in Xn . By Lemma 3.2(a) we can reduce the inspection of all
possible 8-sequences which could generate C to those for which the number of appearances
of symbols a and b equals the number of appearances of symbols a−1 and b−1. A careful in-
spection gives the following list of the 37 representatives, up to equivalence, of the remaining
8-sequences.
1. a4b−4, 2. a4b−2a−1b−1, 3. a4b−1a−2b−1, 4. a3b−3ab−1,
5. a3b−3a−1b, 6. a3ba−3b−1, 7. a3b−2ab−2, 8. a3ba−2b−2,
9. a3ba−1b−1a−1b−1, 10. a3b−1ab−1a−1b−1, 11. a3b−1a−1ba−1b−1,
12. a2b2a−2b−2, 13. a2b−2a2b−2, 14. a2b2a−1b−1a−1b−1,
15. a2b−1a2b−1a−1b−1, 16. a2b−1a−1b2a−1b−1, 17. a2b−2aba−1b−1,
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18. a2b−2a−1b−1ab, 19. a2b−2ab−1a−1b, 20. a2b−2ab−1ab−1,
21. a2b−2a−1ba−1b, 22. a2ba−2ba−1b−1, 23. a2b−1a−2b−1ab,
24. a2ba−2b−1ab−1, 25. a2bab−2a−1b−1, 26. a2b−1ab−2ab−1,
27. a2ba−1b−2ab−1, 28. a2ba−1b−2a−1b, 29. a2b−1ab−2ab−1,
30. a2ba−1b−2ab−1, 31. ababa−1b−1a−1b−1, 32. abab−1ab−1a−1b−1,
33. abab−1a−1ba−1b−1, 34. aba−1b−1aba−1b−1, 35. aba−1b−1ab−1ab−1,
36. aba−1ba−1b−1ab−1, 37. ab−1ab−1ab−1ab−1.
In order to extract the relations among the above sequences, their behaviour on the graph
Yn has to be checked. It turns out that only the sequence numbered 13 is a relation. For
any other sequence we find a vertex at which this sequence fails to be a closed walk. The
sequences numbered 2, 3, 6, 9, 10, 14, 20, 23, 25, 37 take 0 to 2k. The sequences numbered
7, 11, 15, 16, 22, 26, 29, 35 take 0 to 2k− 1. The sequences numbered 1, 8, 12, 19, 24, 32, 34
take 0 to 1. The sequences numbered 4, 27, 30, 36 take 1 to 2k. The sequences numbered 5
and 28 take 0 to 2. The sequence numbered 17 takes 1 to 2k − 1. The sequence numbered
18 takes 0 to 3. The sequence numbered 21 takes 1 to 2. The sequence numbered 31 takes 0
to 2k − 3. Finally, the sequence numbered 33 takes 0 to 2k − 2. This completes the proof of
Lemma 3.3. 2
Finally, given a finite or infinite (but locally finite) graph X , and a 2-arc uvw in X , let the
d-frequency νd(uvw) be the number of d-cycles in X containing the 2-arc uvw. In the proof
of Theorem 3.1 the following simple observation (see [11]) will be needed.
PROPOSITION 3.4 ([11, LEMMA 2.1]). Let X be a connected graph such that there exists
a positive integer d with the following property: for any two adjacent vertices u, v ∈ V (X),
the frequencies νd(uvx) (x ∈ N (v)\{u}) are all different. Then no nonidentity automorphism
of X fixes two adjacent vertices.
4. PROOF OF THEOREM 3.1
First observe that the graph Cov(Xn) has a one-regular subgroup of automorphisms. Indeed,
since Cov(Xn) is a homological covering, the full automorphism group AutXn has a lift to
Cov(Xn); and since the covering is regular and AutXn is one-regular, its lift is one-regular as
well (see [3]). Moreover, observe that the subgroup An , which is regular on vertices, lifts to
an extension of Zr by An acting regularly on the vertices of Cov(Xn). Hence Cov(Xn) is a
Cayley graph of an almost abelian group.
To prove that the graph Cov(Xn) is one-regular and that the vertex stabilizer is isomorphic
to Z2 × Z2 we only have to show that AutCov(Xn) has no automorphisms other than those
which are liftings of AutXn . To this end we are going to use Proposition 3.4 with respect to
cycles of length 24 in Cov(Xn). First of all, since by Lemma 3.2 there are configurations of
numerical type (6, 6)0 in Xn , a 1-balanced traversal of such a configuration indeed gives rise
to cycles of length 24 in Cov(Xn). Now let W be an arbitrary reduced and balanced closed
walk of length 24 in Xn which is a projection of a 24-cycle in Cov(Xn). Our first task is to
determine all possible underlying subgraphs Xn(W ).
By Proposition 2.3 there exists a closed walk U in Xn(W ) of length |U | ≤ 24 which is
either of type (C, D)P or of type (C, D)P . Set c = |C |, d = |D| and p = |P|. Since,
by Lemma 3.2, the girth of Xn is 6 and since the length of a minimal balanced traversal of
(C, D)P is 2(c+d+2p) ≥ 2(6+6+2) = 28, the configuration of the second type never oc-
curs in Xn(W ). Next, a configuration of type (C, D)P , where P is the trivial path, necessarily
has numerical type (6, 6)0. It remains to consider the possible configurations of numerical type
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(c, d)p where p ≥ 1. We may assume 6 ≤ c ≤ d . By a different traversal of a configuration
of numerical type (c, d)p we obtain configurations of numerical types (c, c+d−2p)c−p and
(d, c + d − 2p)d−p. The obvious inequalities p ≤ c − 1 and c + d − 2p ≥ 6, together with
2(c + d − p) ≤ 24, imply that
min(c − 1, (c + d − 6)/2) ≥ p ≥ c + d − 12. (1)
From this last inequality we obtain d ≤ 11 and c + d ≤ 18, that is c ≤ 9. Since by
Lemma 3.2 there are no odd cycles of length less than n, we conclude that c ∈ {6, 8, 9},
d ∈ {6, 8, 9, 10, 11} and p must satisfy inequality (1). A straightforward inspection shows
that the only possibilities for the numerical types of Xn(U ) are the following ones: (6, 6)0,
(6, 6)1, (6, 6)2, (6, 6)3, (6, 8)2, (6, 8, )3, (6, 8)4, (6, 9)3, (6, 9)4, (6, 10)4, (6, 10)5, (6, 11)5,
(8, 8)4, (8, 8)5, (8, 9)5, (8, 10)6 and (9, 9)6.
By Lemma 3.2 we can immediately discard the type (6, 11)5 because such a configuration
contains a 7-cycle. Also by Lemma 3.2, the 9-cycles in Xn exist only for n = 9, all arising
from relations a9 and b9. Obviously, every configuration involving a 9-cycle would have to be
of numerical type (9, 9)0; but the above list does not include such a type. Now different types
may represent just different traversals of the same graph. It is therefore enough to explicitly
check the existence of the following numerical types: (6, 6)0, (6, 6)1, (6, 6)2, (6, 6)3, (6, 8)2,
(6, 8)3 and (8, 8)4. It follows from Lemma 3.2 that two 6-cycles can only meet in a single
vertex. Hence (6, 6)0 is the only numerical type involving two 6-cycles. Of the remaining
ones which involve a 6-cycle and an 8-cycle, or two 8-cycles, an application of Lemmas 3.2
and 3.3 shows that (6, 8)2 is the only possible one. Note that the 1-balanced traversals of all
of these configurations are of length 24. Hence U = W and the girth of Cov(Xn) is indeed
24.
We may therefore conclude that the only configurations in Xn which give rise to a cycle of
length less than or equal to 24 in Cov(Xn) are: two 6-cycles at a common vertex, both arising
from the equivalence class of (ab−1)3, and a 6-cycle (arising in the same way) with an 8-cycle
generated from the equivalence class of (a2b−2)2 and attached to the 6-cycle along a path of
length 2. The cycles of length 24 in Cov(Xn) arise from all essentially distinct 1-balanced
traversals of these two configurations. (This means that we also have numerical types (6, 10)4
and (8, 10)6 with the same underlying subgraphs.)
We shall now count the 24-frequencies of different 2-arcs in the graph Cov(Xn). In the graph
Xn , which is a Cayley graph, there is a natural labelling of its arcs by a, a−1, b and b−1. This
labelling is transferred via the pre-image of the covering projection to the graph Cov(Xn).
Choose a fixed vertex v˜ ∈ Cov(Xn) and the unique arc α˜ labelled a with v˜ as its terminal
point. There are three types of 2-arcs containing the chosen arc with v˜ as the central point.
These 2-arcs are labelled aa, ab and ab−1. Let us count the corresponding 24-frequencies.
Consider the projection α = p(α˜) with the terminal point v = p(v˜). The desired 24-
frequencies are obtained by considering all configurations of numerical types (6, 6)0 and
(6, 8)2 containing α. What we need to count is the number of minimal reduced balanced
traversals of these configurations having the base point v and the prescribed ending arc α
labelled by a.
There is exactly one 6-cycle containing α and there are six others attached to this ‘ba-
sic’ one. This gives six different configurations of type (6, 6)0 containing α, numbered by
1, 2, . . . , 6, they are shown in Figure 2(a). Figure 2(b) shows the six different configurations
of type(6, 8)2 arising from the six 8-cycles attached to the ‘basic’ 6-cycle. These configura-
tions are numbered by 1′, 2′, . . . , 6′. Finally, there are six more configurations of type (6, 8)2
obtained by attaching the 6-cycles to the two 8-cycles of the configurations 1′ and 6′. These
configurations are numbered by 1′′, 2′′, . . . , 6′′ and are shown in Figure 2(c).
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FIGURE 2. The (6, 6)0 and (6, 8)2 configurations of α
TABLE 2.
(6, 6)0 (6, 8)2
Conf. 1 2,3,4,5,6 1′ 2′ 3′,4′,5′ 6′ 1′′,2′′,3′′ 4′′,5′′ 6′′ 6
aa 1 0 0 0 0 1 0 2 1 7
ab 1 0 0 1 0 0 0 0 1 3
ab−1 0 2 2 1 2 1 2 0 0 26
A straightforward application of Proposition 2.2 shows that the 24-frequencies of types aa,
ab and ab−1 are, respectively, 7, 3 and 26 (see Table 2). Since these parameters are pairwise
distinct, the covering graph is indeed one-regular by Proposition 3.4.
This completes the proof of Theorem 3.1. 2
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